The principal goal of this paper is to use attempts at reconciling the Swift long gamma-ray bursts (LGRBs) with the star formation history (SFH) to compare the predictions of ΛCDM with those in the R h = ct Universe. In the context of the former, we confirm that the latest Swift sample of GRBs reveals an increasing evolution in the GRB rate relative to the star formation rate (SFR) at high redshifts. The observed discrepancy between the GRB rate and the SFR may be eliminated by assuming a modest evolution parameterized as (1+z) 0.8 -perhaps indicating a cosmic evolution in metallicity. However, we find a higher metallicity cut of Z = 0.52Z ⊙ than was seen in previous studies, which suggested that LGRBs occur preferentially in metal poor environments, i.e., Z ∼ 0.1 − 0.3Z ⊙ . We use a simple power-law approximation to the high-z ( 3.8) SFH, i.e., R SF ∝ [(1 + z)/4.8] α , to examine how the high-z SFR may be impacted by a possible abundance evolution in the Swift GRB sample. For an expansion history consistent with ΛCDM, we find that the Swift redshift and luminosity distributions can be reproduced with reasonable accuracy if α = −2.41
powered by the core collapse of massive stars (e.g., Woosley 1993a; Paczynski 1998; Woosley & Bloom 2006) , an idea given strong support by several confirmed associations between LGRBs and supernovae (Stanek et al. 2003; Hjorth et al. 2003; Chornock et al. 2010 ).
This scenario-known as the collapsar model-suggests that the cosmic GRB rate should in principle trace the cosmic star formation rate (Totani 1997; Wijers et al. 1998; Blain & Natarajan 2000; Lamb & Reichart 2000; Porciani & Madau 2001; Piran 2004; Zhang & Mészáros 2004; Zhang 2007 ). However, observations seem to indicate that the rate of LGRBs does not strictly follow the SFR, but instead increases with cosmic redshift faster than the SFR, especially at high-z (Daigne et al. 2006; Le & Dermer 2007; Yüksel & Kistler et al. 2007; Salvaterra & Chincarini 2007; Guetta & Piran 2007; Li 2008; Kistler et al. 2008; Salvaterra et al. 2009 Salvaterra et al. , 2012 . This has led to the introduction of several possible mechanisms that could produce such an observed enhancement to the GRB rate (Daigne et al. 2006; Guetta & Piran 2007; Le & Dermer 2007; Salvaterra & Chincarini 2007; Kistler et al. 2008 Kistler et al. , 2009 Li 2008; Salvaterra et al. 2009 Salvaterra et al. , 2012 Campisi et The idea that appears to have gained some traction is the possibility that the difference between the GRB rate and the SFR is due to an enhanced evolution parame-terized as (1 + z) δ , which may encompass the effects of cosmic metallicity evolution (Langer & Norman 2006; Li 2008) , an evolution in the stellar initial mass function (Xu & Wei 2009; Wang & Dai 2011) , and possible selection effects (see, e.g., Coward et al. 2008 Coward et al. , 2013 Lu et al. 2012) .
Of course, if we knew the mechanism responsible for the difference between the GRB rate and the SFR, we could constrain the high-z SFR very accurately using the GRB data alone. This limitation notwithstanding, GRBs have indeed already been used to estimate the SFR in several instances, including the following representative cases: Chary et al. (2007) estimated a lower limit to the SFR of 0.12 ± 0.09 and 0.09 ± 0.05 M yr −1 Mpc −3 at z = 4.5 and 6, respectively, using deep observations of three z ∼ 5 GRBs with the Spitzer Space Telescope; Yüksel et al. (2008) used Swift GRB data to constrain the SFR in the range z = 4 − 7 and found that no steep drop exists in the SFR up to at least z ∼ 6.5; Kistler et al. (2009) constrained the SFR using four years of Swift observations and found that the SFR to z 8 was consistent with LBG-based measurements; Wang & Dai (2009) studied the high-z SFR up to z ∼ 8.3, but found that the SFR at z 4 showed a steep decay with a slope of ∼ −5.0; and Ishida et al. (2011) used the principal component analysis method to measure the high-z SFR from the GRB data and found that the level of star formation activity at z ≈ 4 could have been already as high as the present-day one (≈ 0.01
The question of how the GRB redshift distribution is related to the SFH is clearly still not completely answered, but there is an additional important ingredient that has hitherto been ignored in this ongoing discussion-the impact on this relationship from the assumed cosmological expansion itself. Our principal goal in this paper is to update and enlarge the GRB sample using the latest catalog of 254 Swift LGRBs in order to carry out a comparative analysis between ΛCDM and the R h = ct Universe. We wish to examine the influence on these results due to the background cosmology, and see to what extent the implied abundance evolution depends on the expansion scenario. We will assemble our sample in § 2, and discuss our method of analysis in § 3. A possible mechanism of evolution and the implied high-z SFR are investigated in § 4, together with a direct comparison between the two cosmologies. Our discussion and conclusions are presented in § 5.
THE SWIFT GRB OBSERVATIONS
Swift has enabled observers to greatly extend the reach of GRB measurements relative to the preSwift era, resulting in the creation of a rich data set. To obtain reliable statistics, we consider long bursts detected by Swift up to July, 2013, with accurate redshift measurements and durations exceeding T 90 > 2 s. We calculate the isotropic-equivalent luminosity of a GRB using
where E iso is the rest-frame isotropic equivalent 1−10 4 keV gamma-ray energy. The low-luminosity (L iso < 10 49 erg s −1 ) GRBs are not included in our sample because they may belong to a distinct population (Soderberg et al. 2004; Cobb et al. 2006; Liang et al. 2007; Chapman et al. 2007 ).
With these criteria, we combine the samples presented in Butler et al. (2007 Butler et al. ( , 2010 , Perley et al. (2009 ), Sakamoto et al. (2011 ), Greiner et al. (2011 ), Krühler et al. (2011 ), Hjorth et al. (2012 , and Perley & Perley (2013) . For GRBs where the samples disagree, we choose the most recently measured redshifts. The combined catalog containts 258 GRBs with known redshifts and redshift upper limits, but four GRBs (051002, 051022, 060505, and 071112C) have incomplete fluence or burst duration measurements and are discarded. The remaining 254 long duration GRBs with redshifts or redshift limits serve as our base GRB catalog. Our final sample is listed in Table 1, which includes the following information for each GRB: (1) its name; (2) the redshift z; (3) the burst duration T 90 ; and (4) the isotropic-equivalent energy E iso . The quantities T 90 and E iso of 231
GRBs are directly taken from the catalog 1 of Butler et al. (2007 Butler et al. ( , 2010 and those of 14 others (050412, 050607, 050713A, 060110, 060805A, 060923A, 070521, 071011, 080319A, 080320, 080516, 081109, 081228, and 090904B) are from Robertson & Ellis (2012) . The duration T 90 of the nine remaining GRBs (050406, 050502B, 051016B, 060602A, 070419B, 080325, 090404, 090417B, and 090709A) are taken from Sakamoto et al. (2011) , while their isotropic energy E iso is calculated from the 15 to 150 keV fluences reported by Sakamoto et al. (2011) ; we correct the observed fluence in a given bandpass to the cosmological rest frame (1 − 10 4 keV in this analysis). Greiner et al. (2011) . b T 90 taken from Robertson & Ellis (2012) . c E iso taken from Robertson & Ellis (2012) . d Redshift from Perley & Perley (2013) . e T 90 taken from Sakamoto et al. (2011) . f E iso calculated from the fluence provided by Sakamoto et al. (2011) . Since we will use the cumulative redshift distribution N(< z) of this sample as the basis for our analysis, it is important to consider its uncertainties. Redshift measurements are strongly biased towards optically bright afterglows, and are more easily made when the afterglow is not obscured by dust (see, e.g., Greiner et al. 2011) . As presented in the various sources used to compile our catalog, quantities such as E iso are estimated assuming a ΛCDM cosmology. Here, we must therefore recalibrate them for use in R h = ct.
The differences between these two models 2 are summarized in Melia (2012a ,2013a ,2013b ), Melia & Shevchuk (2012 , Melia & Maier (2013) , and Wei et al. (2013) . The luminosity distance in ΛCDM is given by the expression
where c is the speed of light, and H 0 is the Hubble constant at the present time. In this equation, In the R h = ct Universe, the luminosity distance is given by the much simpler expression
The factor c/H 0 is in fact the gravitational horizon R h (t 0 ) at the present time, so we may also write the luminosity distance as
We have found the equivalent isotropic energy in the R h = ct Universe using the expression
where E ΛCDM iso is the previously published value.
THE MODEL
The observed rate of GRBs per unit time at redshifts ∈ (z, z + dz) with luminosity ∈ (L, L + dL)
is given by dN dt dz dL =ρ
whereρ GRB (z) is the co-moving rate density of GRBs, Φ(L) is the beaming-convolved luminosity function (LF), the factor (1 + z) −1 accounts for the cosmological time dilation and ∆Ω = 1.4
sr is the solid angle covered on the sky by Swift (Salvaterra & Chincarini 2007) . The co-moving volume is calculated using
In the standard (ΛCDM) model, the co-moving luminosity distance is given as
where we now adopt concordance values of the cosmological parameters:
Ω m = 0.3, and Ω Λ = 0.7, and assume a spatially flat expansion. In the R h = ct Universe, the comoving luminosity distance is given by the much simpler expression
which, as we have noted previously, has only one free parameter-the Hubble constant H 0 . For the sake of consistency, we will adopt the standard H 0 = 70 km s −1 Mpc −1 throughout this analysis.
As discussed above, we assume that the GRB rate density is related to the cosmic SFR density R SF (z) and a possible evolution effect f (z), given aṡ
where k GRB is the GRB formation efficiency to be determined from the observations.
Because of the faintness of sub-luminous galaxies at high redshifts, as well as the uncertainty of the dust extinction (in terms of the amount of dust as well as the dust attenuation law), it is difficult to observe LBG's at high redshifts. Consequently, the LBG samples are incomplete, and the star formation history at z 4 is not well constrained by the data. For relatively low redshifts (z 4), the star formation rate density R SF has been fitted with a piecewise power law (Hopkins & Beacom 2006; Li 2008) , which in ΛCDM (with the concordance, WMAP parameters) may be written 
and R SF is in units of M yr −1 Mpc −3 . To convert from one cosmology to another, our procedure is as follows: the co-moving volume is proportional to the co-moving distance cubed, V com ∝ D 3 com , and the co-moving volume between redshifts z −∆z and z +∆z is
Since the luminosity is proportional to the co-moving distance squared, L ∝ D 2 com , the SFR density for a given redshift range is (Hopkins 2004 )
Thus, the SFR in the redshift range z = 0 − 3.8 for the R h = ct Universe becomes
where ( 
For the GRB luminosity function (LF) Φ(L), several models have been adopted in the literature: a single power law with an exponential cut-off at low luminosity (exponential LF), a broken power law, and a Schechter function. Here, we use the exponential LF
where a L is the power-law index and L ⋆ is the cutoff luminosity. The normalization constant of the LF is calculated assuming a minimum luminosity L min = 10 49 erg s −1 . The LF will be taken to be non-evolving in this paper.
Finally, when considering an instrument having a flux threshold, the expected number of GRBs with luminosity L iso > L lim and redshift z ∈ (z 1 , z 2 ) during an observational period T should be
The luminosity threshold appearing in equation (17) may be approximated using a bolometric energy flux limit F lim = 1.2 × 10 −8 erg cm −2 s −1 (Li 2008) , for which
where D L is the luminosity distance to the burst (either
, as the case may be).
A COMPARATIVE ANALYSIS OF ΛCDM AND THE R H = CT UNIVERSE

A possible evolutionary effect
The Swift/BAT trigger is quite complex. Its algorithm has two modes: the count rate trigger and the image trigger (Fenimore et al. 2003; Sakamoto et al. 2008 Sakamoto et al. , 2011 . Rate triggers are measured on different timescales (4 ms to 64 s), with a single or several backgrounds. Image triggers are found by summing images over various timescales and searching for uncataloged sources. So the sensitivity of the BAT is very difficult to parametrize exactly (Band 2006) . Moreover, although the rate density R SF (z) is now reasonably well measured from z = 0 to 4, it is not well constrained at z 4. To avoid the complications that would arise from the use of a detailed treatment of the Swift threshold and the star formation rate at high-z, we will adopt a model-independent approach by selecting only GRBs with L iso L lim and z < 4, as Kistler et al. (2008) did in their treatment.
The cut in luminosity 3 is chosen to be equal to the threshold at the highest redshift of the sample,
i.e., L lim ≈ 1.8×10 51 erg s −1 . The cuts in luminosity and redshift minimize selection effects in the GRB data. With these conditions, our final tally of GRBs is 118 for ΛCDM and 111 in R h = ct.
These data are delimited by the red dashed lines in Figure 2 . Now, since L lim is constant, the integral of the LF in equation (17) can be treated as a constant coefficient, no matter what the specific form of Φ(L) happens to be. That is, we may write (dotted red line), the expectation from the SFR alone (i.e., the non-evolution case) is incompatible with the observations. If we parameterize the possible evolution effect as f (z) ∝ (1 + z) δ , we find that the χ 2 statistic is minimized for δ = 0.8, which is consistent with that of Robertson & Ellis (2012) and Wang (2013) . The weak redshift evolution (δ = 0.8) can reproduce the observed cumulative GRB rate density best (dashed green line). At the 2σ confidence level, the value of δ lies in the range 0.07 < δ < 1.53. In the limiting case where all the dark GRBs are local, the power-law index is constrained to be −0.56 < δ < 0.98 at the 2σ confidence level. The peak probability occurs for δ = 0.21. Instead, if all the dark GRBs are at their maximum possible redshift, the power-law index moves to 0.19 < δ < 1.67 (2σ) with a peak near δ ≈ 0.93. Clearly, the additional uncertainty arising from the inclusion of dark GRBs is an important consideration.
If dark GRBs occur at their maximum allowed redshifts, the distribution is more heavily weighted towards higher values of z and would therefore indicate a stronger redshift dependence of the relationship between the GRB rate and the SFR. We will discuss the third type of evolution shortly.
The collapsar model predicts that long bursts should occur preferentially in metal poor environments. From a theoretical standpoint, this is not surprising since lower metallicity leads to weaker stellar winds and hence less angular momentum loss, resulting in the retention of rapidly rotating cores in stars at the time of their explosion, as implied by simulations of the collapsar model for GRBs (e.g., Woosley 1993b; MacFayden & Woosley 1999; Yoon & Langer 2005) . It has therefore been suggested that the observationally required evolution may be due mainly to the cosmic evolution in metallicity.
According to Langer & Norman (2006) , the fractional mass density belonging to metallicity below Z = ǫZ ⊙ (where Z ⊙ is the solar metal abundance, and ǫ is determined by the metallicity threshold for the production of GRBs) at a given redshift z can be calculated using Θ(ǫ, z) = this curve and that obtained with f (z) = (1 + z) 0.8 shows that the differences between these two fits is not very significant. Therefore, we confirm that the anomalous evolution in ΛCDM may be due to an evolving metallicity. However, in contrast to previous studies that suggest a metallicity cut of Z th 0.3Z ⊙ ( The right panel of Figure 3 shows the cumulative redshift distribution of 111 Swift GRBs with L lim = 1.8 × 10 51 erg s −1 and z < 4 in the R h = ct Universe. The result of our fitting from the SFR alone (i.e., with a constant f [z]) is shown as a dotted red line, which again is incompatible with the observations. An additional evolutionary effect, parametrized as f (z) ∝ (1 + z) 1.03 is required (dashed green line). At the 2σ confidence level, the value of δ lies in the range 0.32 < δ < 1.71. If the dark GRB sample with redshift limits is assumed to be local (z ≈ 0), the 2σ interval is −0.38 < δ < 1.12 with a peak near δ = 0.37. Instead, if all dark GRBs are at their maximum possible redshift, the power-law index moves to 0.43 < δ < 1.87 (2σ) with a peak near δ ≈ 1.15. Clearly, if dark GRBs occur at their maximum allowed redshifts, the distribution is more heavily weighted toward higher redshifts and the extra redshift evolution effect still exists in the R h = ct Universe. If we instead designate the evolutionary effect as f (z) ∝ Θ(ǫ, z), the evolving metallicity agrees very well with the observations (blue line). The best fit to the observations yields ǫ = 0.44 ± 0.28(2σ). Clearly, the evolutionary effect in both the ΛCDM and the R h = ct cosmologies can be accounted for with a metallicity cutoff at Z th (0.52Z ⊙ for the former and 0.44Z ⊙ for the latter).
In the next section, we will consider the implications of these findings for the star-formation history, assuming that GRBs trace both star formation and a possible evolutionary effect. We will adopt the best fitting values δ = 0.80 or ǫ = 0.52 for a reasonable description of the evolutionary effect in ΛCDM, and δ = 1.03 or ǫ = 0.44 in the R h = ct Universe.
Constraints on the high-z star formation history in ΛCDM and the R h = ct Universe
The SFR is well measured at low-z now. For high-z (z 4), a decrease to the SFR was seemingly implied by the work of Hopkins & Beacom (2006) , which was confirmed by observations of LBGs and GRBs. Nonetheless, given the poor coverage of these remote regions, the SFR trends towards high-z are still rather ambiguous. For this reason, previous studies have included all possibilities:
one in which the star-formation history continues to plateau, or in which it drops off, or even increases with increasing redshift (see, e.g., Daigne et al. 2006) . In our analysis, we will introduce a free parameter α to parameterize the high-z history as a power law at redshifts z 3.8:
and we will attempt to constrain this index α using the GRB observations. The normalization constant in this expression is set by the requirement that R SF be continuous across z = 3.8.
We optimize the values of each model's free parameters, including the index α of high-z SFR, Notes. The total number of data points in the fit is 42, including 33 points for the redshift distribution and 9 points for the luminosity distribution.
the GRB formation efficiency k GRB , and the GRB LF, by minimizing the χ 2 statistic jointly fitting the observed redshift distribution and luminosity distribution of bursts in our sample with firm measurements of their redshift. The observed number of GRBs in each redshift bin z ∈ (z 1 , z 2 )
is given by equation (17), while, the observed number of events in each luminosity bin
where T ∼ 8.6 yr is the observational period, and z max (L iso ) is the maximum redshift out to which a GRB of luminosity L iso can be detected; this is obtained by solving the equation L lim (z) = L iso for each assumed cosmology.
We report the best-fit parameters together with their 1σ confidence level for different models in Table 2 . In the last two columns, we give the total χ 2 value (i.e., the sum of the χ 2 values obtained from the fit of the redshift and luminosity distributions) and the Akaike information criterion (AIC) score, respectively. For each fitted model, the AIC is given by AIC = χ 2 + 2k, where k is the number of free parameters. If there are three models for the data, M 1 , M 2 , and M 3 , and they have been separately fitted, the one with the least resulting AIC is the one favored by this criterion. A more quantitative ranking of models can be computed as follows. If AIC α comes from model M α , the unnormalized confidence in M α is given by the "Akaike weight" exp(−AIC α /2).
Informally, in a three-way comparison, the relative probability that M α is statistically preferred is 
No-Evolution Model
This model is for the GRB rate that purely follows the SFR. Figure 4 shows the z and L distributions of 244 Swift GRBS in the ΛCDM cosmology. If the function f (z) is constant (dotted red line), the expectation from the SFR alone (i.e., the non-evolution case) does not provide a good representation of the observed z and L distributions of our sample. In particular, the rate of GRBs at high-z is under-predicted and the fit of the L distribution is not as good as those of the density evolution model or metallicity threshold model, more fully described below. This is confirmed by a more detailed statistical analysis. Indeed, on the basis of the AIC model selection criterion, we can discard this model as having a likelihood of only ∼ 0.2 % of being correct compared to the other two ΛCDM models. Universe. The results of our fitting from the SFR alone (i.e., with a constant f [z]) are indicated with dotted red lines, which again are incompatible with the observations. On the basis of the AIC model selection criterion, we can discard the no-evolution model as having a likelihood of only ∼ 0.1 % of being correct compared to the other two R h = ct models.
Density Evolution Model
This model assumes that the GRB rate follows the SFR in conjunction with an additional evolution characterized by (1 + z) δ . In ΛCDM, we find that δ = 0.80 reproduces the observed z and L distributions (green dashed lines in Figure 4 ) quite well. In this model, the slope of the high-z SFR is characterized by an index α = −3.06
−2.01 . The range of high-z SFH's with α ∈ (−5.07, −1.05) is marked with a shaded band in figure 1, in comparison with the available data. It is interesting to note that Wang (2013) derived a similar slope (α = −3.0) for the high-z SFR. Wu et al. (2012) showed that the GRB formation rate in ΛCDM decreases with a power index of ∼ −3.8 for z 4, in good agreement with the SFR we derive here at the 1σ confidence level. Using the AIC model selection criterion, we find that among the ΛCDM models, this one is statistically preferred with a relative probability ∼ 57.3 %.
In the R h = ct Universe, we simultaneously fit the observed z and L distributions of Swift
δ , together with the piecewise smooth R SFR (z)
concatenated from equations (14) and (20); the best fit corresponds to δ = 1.03. We find that a high-z SFR with slope α = −4.47
−2.34 is required to reproduce both the observed z and L distributions (green dashed lines in figure 5 ). Again using the AIC model selection criterion, we find that this model is somewhat disfavored statistically compared to the other two R h = ct models, with a relative probability of ∼ 10.4 %.
Metallicity Evolution Model
This model assumes that the GRB rate is proportional to the star formation history with an additional evolution in cosmic metallicity (i.e., f [z] ∝ Θ[ǫ, z]). For ΛCDM, we find that a high-z SFR with index α = −2.41 +1.87 −2.09 and a metallicity evolution parameter ǫ = 0.52 fits the data best (blue solid lines in Figure 4 ). The χ 2 dof for this fit is 56.0/42 = 1.33. In general, fitting the observations with this model produces better consistency than the non-evolution model. According to the AIC, the metallicity evolution model in ΛCDM is slightly disfavored compared to the more general density evolution model, but the differences are statistically insignificant (∼ 42.5 % for the former versus ∼ 57.3 % for the latter). We conclude that in the context of ΛCDM, the required density evolution may be due to an evolving metallicity.
In the context of the R h = ct Universe, the best fit is produced with a high-z SFR with index α = −3.60 +2.45 −2.45 and a metallicity evolution with ǫ = 0.44. The χ 2 dof for this fit is 54.3/42 = 1.29. This model is represented by the blue solid lines in figure 5 . The AIC shows that the likelihood of this model being correct is ∼ 89.5 % compared to the other two R h = ct models examined above. Unlike the situation with ΛCDM, here there is a clear indication that abundance evolution is required to account for the SFR/GRB data.
DISCUSSION AND CONCLUSIONS
We have used the cumulative redshift distribution of the latest sample of Swift GRBs above a fixed luminosity limit, together with the star formation history over the interval z ∈ (0, 4), to compare the predictions of ΛCDM and the Rh = ct Universe. With ΛCDM as the background spacetime, earlier work had already demonstrated that in this cosmology the SFR underproduces the GRB rate density at high redshifts. It has been suggested that this effect can be understood if a modest evolution, parameterized as f (z) = (1 + z) 0.80 , is included; we have confirmed in both ΛCDM and R h = ct that this factor may be readily explained as an evolution in metallicity. However, we have also found that a comparison with the observational data shows that a relatively high metallicity cut (Z = 0.52Z ⊙ in ΛCDM and Z = 0.44Z ⊙ in R h = ct) is required, in contrast to previous work that suggested LGRBs occur preferentially in low metallicity environments, i.e., Z ∼ 0.1 −0.3Z ⊙ .
For both cosmologies, we have shown that if these results are correct, then by assuming that such trends continue beyond z ≃ 4, the adoption of a simple power-law approximation for the high-z ( 3.8) SFR , i.e., R SF ∝ [(1 + z)/4.8] α , we may also constrain the slope α using the GRB data. We have found for ΛCDM that the SFR at z 3.8 shows a decay with slope α = −2.41
−2.09 . And using a simple relationship between the GRB rate density and the SFR, including an evolution in metallicity, we have demonstrated that the z and L distributions of 244 Swift GRBs can be well fitted by our updated SFH, using a threshold in the metallicity for GRB production.
The best fit for the redshift distribution of the Swift GRBs in the R h = ct Universe requires a slightly different rate than that in ΛCDM, though still with an additional evolutionary effect, which could be a high metallicity cut of Z = 0.44Z ⊙ . Assuming that the GRB rate is related to the SFR with this evolving metallicity, we have found that in the R h = ct Universe the slope of the high-z SFR would be α = −3.60 +2.45 −2.45 . The principal goal of this work has been to directly compare the predictions of ΛCDM and R h = ct and their ability to account for the GRB/SFR observations. Aside from the issue of whether or not the GRB-redshift distribution is consistent with the SFR in either model, we have also examined which of these two cosmologies fits the data better, and is therefore statistically preferred by the Aikake Information Criterion in a one-on-one comparison.
To keep the complexity of this problem manageable, we have chosen to find the best fits to the data by optimizing four free parameters (α, k GRB , L ⋆ and a L ), though the models themselves were held fixed by the concordance values of H 0 , Ω m , Ω Λ and the dark-energy equation-of-state in the case of ΛCDM, and the same value of H 0 for R h = ct. The two models produce very similar profiles in the distance-redshift relationship (Melia 2012a; Wei et al. 2013 ), so it is not very surprising to see that both can account quite well for the observed SFR-GRB rate correlation.
However, the AIC does not favor these models equally. From Table 2 , we find that a direct comparison between the best ΛCDM fit (entry 2 in this table) and the best R h = ct fit (entry 6) favors the latter with a relative probability ∼ 63.4 % versus ∼ 36.6 % for the standard model.
If we further assume that the required evolutionary effect is indeed due to changes in metallicity, so that we now compare entries 3 and 6 in Table 2 , then the AIC favors R h = ct with a relative probability ∼ 70.0 % versus ∼ 30.0 % for ΛCDM. However, if the required evolutinary effect is simply due to density and not changes in metallicity (entries 2 and 5), the AIC favors ΛCDM with a relative probability of ∼ 83.2 % versus ∼ 16.8 % for R h = ct.
The statistical significance of these likelihoods has been investigated theoretically, e.g., by Yanagihara & Ohmoto (2005) . Its variability has also been studied empirically; for example, by repeatedly comparing ΛCDM to other cosmological models on the basis of data sets generated by a bootstrap method (Tan & Biswas 2012) . It is known that the AIC is increasingly accurate when the number of data points is large, but it is felt that in all cases, the magnitude of the difference ∆ = AIC 2 − AIC 1 should provide a numerical assessment of the evidence that model 1 is to be preferred over model 2. A rule of thumb that has been used in the literature is that if ∆ 3, it is mildly strong; and if ∆ 5, it is quite strong. Therefore, our conclusion from the comparative study we have reported here is that-based on the currently available GRB/SFR observations-the R h = ct Universe is mildly favored over ΛCDM in a one-on-one comparison if the required evolution is due to changes in metallicity (for which ∆ ≈ 1.7). However, ΛCDM is mildly favored over R h = ct (with ∆ ≈ 3.2) if instead the evolution is with density.
The prevailing view at the moment seems to be that changes in metallicity are responsible for the required evolution so, in this context, the GRB/SFR data tend to be more consistent with the predictions of R h = ct than those of the concordance model. Note that the likelihood estimates we have made here were based on the use of priors for ΛCDM. Were we to optimize H 0 along with the other four parameters (for both models), and Ω m , Ω Λ and the dark-energy equation of state for ΛCDM, we could certainly lower their χ 2 for the best fits, but the AIC strongly penalizes models with many free parameters. The χ 2 values listed for ΛCDM in Table 2 would need to decrease by at least 6 in order to compensate for the increase due to the factor 2k in the expression AIC = χ 2 + 2k. This seems unlikely since the fits using the concordance model are already rather good.
Refinements in future measurements of the GRB rate and SFR may show that the currently believed explanation for their differences (i.e., an evolution in metallicity) is incorrect. In that case, a reassessment of these comparisons may produce different results. As of now, however, it appears that the SFR underproduces the observed GRB rate unless some additional evolution were present to broaden their disparity with increasing redshift. We have found that such an evolution is consistent with a relatively high metallicity cutoff for the LGRBs. of Foreign Experts Affairs. We also thank the anonymous referee for providing many comments and suggestions that have led to a significant improvement in the presentation of the material in this paper.
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